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1 Determine the order of the following expres-
sions as € — 0.

1 €
V1+e

(i) sin™
The following Maclaurin expansions will be used:

3
sin_l(x):x+%+0(x5), x—0

1+a)V2=1- g +0(?), 10

Employing these expansions gives

3
1 € € 2 (1 -5+ 0(62)) 5
sin 1+6—6[(1 +O(€))+ G +0()|, €e—=0
2 (e — % + 0(63))
= (e—+0(63))+ 5 +0( ], e—0
2
*%73% O(€*), e—0
So finally
sin~l S — O(e e—0
Vite
To verify, compute the appropriate limit.
sa—1 €
lim 7811’1 Ite = 9
e—0 € 0



Use L’Hospital’s rule.

24e€
L 2(1+e)3/22—e—
= lim Vi e — 1
e—0 1

(i) In (sinh 1)

First rewrite the given function.

In <Sinh 1> =1In (1 (61/5 _ 61/6))
€ 2

1
=In-+1In (el/e - 6_1/6)
2
— } 1/e —2/5
—ln2+ln(e (1 e ))
1 1/e —2/€
:ln§—|—lne —i—ln(l—e )

1
:ln§ +1/e+1n (1 —672/6)

2/e

Since e%/¢ — 0 as € — 0, the log function can be expanded.

2

ln(l—x):—x—%+0(m3), x—0

Now

1 1
ln<sinh>zln2—|—1/e—|—(—e2/6—64/64—...), e—0
€

Since each exponential function on the right hand side approaches 0 as ¢ — 0,
the largest term is 1/¢, and so

() =0 ()

Verify by computing the appropriate limit.

1 —2/e
lim1n§+1/€+ln(1_e 2/€)
€e—0 1/6

1
= lin%)eln§—|—1—|—eln (1—672/6)

ZliH(l)l-I-Glnl:l



(iii) In [1 4 In 1£2¢]
Rewrite the function.

1+ 2¢
€

— 0 -mo (14112

In {1—&—111 } =In[(1—1ne) 4+ In(1+ 2¢)]

1—1Ine
1n(1+2€))

1—Ine

=In(l —Ilne)+In (1+

Now the second term in the log function approaches 0 as ¢ — 0, and so the
log function approaches 0 as well. The biggest term is the first one, so

1+ 2

In {1 +1n } = O(In(1 — Ine))

Verify by finding the appropriate limit.

. In [1 +1In M]
lim ————¢—= = —
e—0 In(l —Ine) 00

Use L’Hospital’s rule.
lim 1—1lne
= N1 = —
=0 (14+2e)(1+In(2+1/e)) o0

Use L’Hospital’s rule.

8

. —1/e 00
= lim = —
e—02—1/e+2In(2+1/e) oo
Use L’Hospital’s rule.
1/€ €2 + 26
=1 =1 =liml+2=1
eli»r(l) 1/(62 + 263) elir(l) €2 613% +2e

€

(iv) In [1+ 55

Rewrite the expression using log rules.

In [1 + =5 (In(1+2¢) ~In e)}

Ine In(1 + 2¢)
ln[(l_ 1—2e>+ 1—2¢ }

Rearrange terms.




Factor the inside.

Ine In(1 + 2¢) 1
1“[(1_1—%) <1+ 1— 2 (1-33;6))]

Use the log rule one more time.

1 In(1+ 2 1
n(1-— ) +m(1+ n(l + 2¢)
1—2e 1—2e¢ 1-— 11355

Now the In() on the right is in the form In(1 4 z),x — 0, so that term also
goes to zero with e. Therefore

In 1£2¢ Ine
In |1 c |l=0(m(1-
n[+1—2e] O<n< 1—2e>>

The solution can be verified with Mathematica:

Limit [(Log[1+Log[(1+2¢)/el/(1-2¢)]1)/(Logl1-Loglel/(1-2€)]1) ,e — 0]

1

2 For small ¢, determine two terms in the expan-
sion of each root of the following equations:

(i) - B+ex—24+€=0

Let © = z¢ + ex1 + €220 + . . ..

(ro +exy +wa+...)° =B+ e)(xo+er; +2xp+...) —24+€e=0

The O(1) terms give the equation:

T3 —319—-2=0 =z0=—1,-1,2

The double root —1 will be dealt with after the expansion of the root 2 is
found.

The O(e) terms give the equation:

3x3:5173x17x0+120

For xy = 2, this equation becomes



1
1221 —3x1—2+1=0 :>x1:§

1
So for the root 2, the expansion is |x = 2 + §e +...

Now let z = —1 + A. This leads to the equation

A 38X —ed+2e=0

For small A and ¢ — 0, the dominant terms are A? and ¢, so let A = O(,/€)
and establish that half integer powers of epsilon should occur in the asymptotic
series used to expand x. Therefore let

x=—1+61/2x1+ex2+...

(—14+ €22 +exo+.. )0 =B+ e (14 2z +exa+...)—2+e=0
The O(1) terms give the identity —1+3 —2 = 0. The O(e!/?) terms give the

identity 3z; — 321 = 0. The O(e) terms give the equation —3z% + 2 = 0 which

implies 1 = + %

So the two expansions for this root are

144/ 2+
Xr = — —€
3

2
r=—1—y/3et...

This can be verified with the Mathematica code:

and

roots = Solve[z® — (3+¢€)z —2+e==0, z];
Series[x /. roots, €, 0, 1] // FullSimplify

(i) ew®> + (u—2)2=0

The expanded equation is eu® +u? — 4u+4 = 0. Let u = ug + euy + O(e?).
Plug back in the expanded equation.

e(ud + 0(€)) + (ud + €(2uouy) + O(€?)) — 4(ug + euy + O(¢?)) +4=0



ud — dug + 4 + e(uy + 2uguy — duy) + O(e?) = 0

This equation implies

ud —4ug +4 =0 — ug = 2,2

ug+2u0u1—4u1:0—>8—|—4u1—4u15£0

The contradiction in the last equation demonstrates that this is not the
correct expansion to use. To find the expansions of the double root, set u = 2+ A
and plug into the original equation.

€2+ 2*+(24+2-2)2=0

€8+ 120+ 622 + 1% + A2 =0

For small A and ¢ — 0, the dominant terms are A% and e, so set A = O(,/€)
and expand u around 2 in half integer powers of e.

U= 2+U1\/E+UQG+O(€3/2)
€2+ urve+ 0(€))® + (2 + urv/e + uge + O(e3/2) —=2)2 = 0
€(8 4+ 12u1v/e + O(e)) + ue + O(¥/%) = 0
Divide by e.

8 +u? 4 (2uyug + 12uy)v/e + O(e) = 0

This equation implies 8 +u? = 0 — u; = +i2v/2. So the expansions of the
double root are

u=2+i2V2\/e+ O(e)

u=2—i2v2\/e + O(e)

Now let u = ue™P and plug into the original expanded equation.
@+ aeP ™t —due’? Tt + 4771 =0
Balance the first two terms by setting p = 1.

@+ U — die + 462 =0

Now proceed with a regular expansion of .



- — — 2
U = Uy + UL€E + U€e” + ...

This leads to the equation
—3 -2 —2 - - 2y _
ug” + ug” + 6(3U0 u + 2UOU1 - 4U0) + 0(6 ) =0
This equation implies
i 4+ 10p? = 0 — g = 0,0, —1
Choose 1y = —1 and use in the next equation.
32y + 2guy — 4 = +4=0—>u = —4
So the expansion in terms of @ is
U= —1—4e+O(?)

and the final expansion of the third root is

u:_—l—4+0(e)
€

These solutions can be verified with Mathematica:
roots = Solvelex? + (z — 2)? == 0,2];
Series[x /. roots, €, 0, 1] // FullSimplify

3 Show that as e — 0
. 1 sine
(i) [, 2Ldt ~ e — f56 + 555€°

Expand the sine function.

L gin et 11 33 Ot
dt = — Etfi'Jr T +...)dt
y 1 1 3 Al
/l ( €3t2 N €5t4 N ) dt
= €— — 4+ —+ ...
o 3! 5!

Integrate.

Finally,



(ii) fos t=3/4e=tdt ~ 4et/t — %65/4 + %69/4

Expand the exponential function.

€ . € t2 t3
/f‘*/‘*e*‘foht:/t*i”/‘L l—t+—— = +...|dt

= /Et—3/4 — /44 Lsa_ Ly 4. .dt
0 2 3!

4 2
:461/4—565/4+§€9/4+...

4 Using regular perturbation expansion, solve
the initial value problem

dy 2
— = t>0
dr +y=ey”,
t=0:y=1
Let y = yo +ey1 +€%ya +. . ., and expand the IC as y0(0) + ey (0) + 2y2(0) +
...=1. Now,

(yo+eyr +€ya+...) + (Yo +eyr + Yo +...) = e(yo + eyr + 2ya +...)>
The O(1) terms give the IVP

Yo + Yo =0, Yo(0) =1
The solution is yo(t) = e~ .
The O(e) terms give the IVP

i+ =yp=e 2, y1(0) =0
The homogeneous solution is y1,(t) = cie™t and the particular solution
is y1p(t) = cre™t fot %ese’zsds = et — e 2 and so the general solution is
y1(t) = coe™t —e72t. The IC gives y1(0) = c2 —1 = 0 = ¢ = 1, so the final
solution is y; (t) = e~t — e~ 2

Therefore a perturbation solution to this IVP is

y(t) =e "t +e(e™t —e %) + O(?)




2

5 Consider the equation i + wiu = etiu, e << 1

(i) Determine a two term straight forward expansion and discuss its
uniformity.

Let u = ug + euy + €2us + . ... Now the DE becomes

(tip + ety + €%y +...) + Wi (ug + eus + uy +...)
= e(tig + €ty + g + ... ) (uo + eur + uy +...)

The O(1) terms give the DE 1y + wug = 0 with solution

’ uo(t) = Acoswot + B sinwpt ‘

The O(e) terms give the DE 4y + w?u; = 1g*ug. The solution is

uy (t) = %t (—4B (A% + B?) wy cos(twp) + 44 (A + B?) w sin(twy))
+3i2 (2(A3 + AB? + 16¢1) cos(twg) + A(A? — 3B?) cos(3two))

1
+35 (2(4°B + B® + 16¢2) sin(twy) — B(—3A” + B?) sin(3twy))

The ¢ multiplying the first part of the solution will make the straight-forward

expansion solution nonuniform when ’ t=0(1/e) ase — 0 ‘

(ii) Determine a first-order uniform expansion by using the Lindstedt-
Poincaré technique.

Let 7= (1 + ewy + €2wa +...)t, s0 %:%%:%(1+6w1+€QWQ+...).
Let u=wug+euy +.... Let ' = d%. Now the DE becomes

(14 ewy + wy + .. )% (uf +eul +...) + wi(ug + euy +...)
=e(1 4+ ewy + Ewo + .. )2 (uh + eu) + .. ) (uo +eus +...)

The O(1) terms give the DE ] +w3ug = 0 with solution ug(t) = A coswot +
Bsinwpt. The O(e) terms give the DE v} + w?u; = uffug — 2wiuf. The RHS is

1
§w§ (A cos(twg) + Bsin(rwy))-

(A% + B? + 4wy — (A — B?) cos(27wo) + 2AB sin(27wy))



To eliminate the source of secular terms, set

A%+ B? 4+ 4w, =0
So that wy = —1(A% + B?). Now the first order ODE becomes

1
uf +wiuy = iw(% (A cos(two)+Bsin(twy))- (2AB sin(27wy) — (A* — B?) cos(27wy))

which has the solution u; (1) =

3% (2 ((A% + B?)(A — 2B1wj) + 16¢1) cos(twy) + A(A?* — 3B?) cos(3rwy))

+3i2 (2 ((A2 + B2)(B + 2ATwp) + 1602) sin(Twp) + B(—3A2 + BQ) sin(37w0))

Now the first order uniform expansion is

[u(r) = uo(7) + ewr(r) + ... |

where ug and u; are defined above and T = t(1 — e (A% + B?) +...).

10



